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We investigate the coupling of a multimode metal-insulator-metal cavity to a two-dimensional electron gas
(2DEG) in a quantum well in the presence of a strong magnetic field. The TM cavity mode is strongly hybridized
with an intersubband transition of the 2DEG, forming a polaritonic mode in the ultrastrong coupling regime,
while the TE mode remains an almost purely cavity mode. The magnetoplasmon excitation emerging from the
presence of the magnetic field couples with both TM and TE modes, exhibiting different coupling strengths and
levels of spatial field inhomogeneity. While the strong homogeneity of the bare TE mode gives rise to the standard
anticrossing of strong coupling, the inhomogeneous polaritonic TM mode is shown to activate an observable
Coulombic effect in the spectral response, often referred to as nonlocality. This experiment demonstrates a cavity-
induced modification of the 2DEG response and offers a route to probing the effect of Coulomb interactions in
ultrastrongly coupled systems via reshaping of their cavity mode profiles.

DOI: 10.1103/6vps-4prq

I. INTRODUCTION

Quantum wells (QWs) embedded in terahertz (THz) metal-
insulator-metal (MIM) cavities are a powerful platform for
exploring strong light-matter interactions, with high cou-
pling strengths enabled by large dipole moments, collective
enhancement, and deeply subwavelength field confinement
[1-5]. Typically, the cavity modes are coupled to QW in-
tersubband transitions (ISBTs), where the coupling strength
can reach the ultrastrong coupling regime [6—13] character-
ized by a light-matter interaction strength comparable to the
bare resonance frequencies. This so-called ultrastrong cou-
pling regime holds the promise of bringing quantum effects
and technologies into the far-infrared range of the spectrum.
Examples include the predicted emission of correlated photon
pairs through abrupt modulation of the system [4], or the
electrical probing of quantum phase transitions [14].

Along a different line, significant efforts have focused on
exploiting the bosonic nature of ISB polaritons to develop
inversionless lasers [15]. Notable demonstrations include
ISB polariton—-LO phonon scattering [16,17], and more re-
cently, final-state stimulation in polariton-polariton scattering
schemes [18]. With an eye towards applications, there has
also been a surge of activity aimed at toggling the sys-
tem in and out of the strong coupling regime via electrical
or optical modulation. Such dynamic control is particularly
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valuable for implementing amplitude or phase modulation on
a continuous-wave (cw) carrier at gigahertz (GHz) frequen-
cies, as demonstrated in Refs. [19-22], and has been recently
proposed as a means to realize ultrafast saturable absorber
mirrors [23,24].

While the ISB-MIM cavity approach relies on fixed cav-
ity and material configurations to engineer the light-matter
coupling, magnetic field-induced cyclotron resonances of-
fer dynamic, in situ tunability [3,25]. Landau polaritons are
formed by strongly coupling light to the collective cyclotron
resonance—known as a magnetoplasmon (MP). These sys-
tems have enabled the highest recorded coupling strengths,
as well as allowing direct tuning of the frequency of the
magnetoplasmon with applied magnetic field [26,27].

In Landau polariton systems, the description of the
coupling relies on Kohn’s theorem, which states that the
cyclotron resonance frequency in a translationally invariant
two-dimensional gas is unaffected by electron-electron inter-
actions [28]. Despite its simplicity, this result turns out to be
extremely powerful, reducing the description of the system
to a noninteracting one, and allowing for the development
of a simple, intuitive picture of light-matter interactions in
terms of a Hopfield-like polaritonic description [29,30]. At the
same time, Kohn’s theorem is also a limitation, excluding the
possibility to observe nonlinearities and possible many-body
physics in the optical properties of these systems. Going be-
yond its range of validity is thus becoming an important topic
of research [31], which turns out to be surprisingly challeng-
ing: besides the use of intense THz sources as in Ref. [32], the

©2026 American Physical Society
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FIG. 1. Metal-insulator-metal cavities: (a) Schematic showing the sample, indicating multi-quantum-well layer (red), magnetic (B) field
direction, incident THz field, and intersubband (Psg) and MP (Pyp) resonances in the QW. Below: side profile of cavity showing dimensions in
um. (b) Finite-element simulation of the reflectance spectra of cavity in the absence of QW, indicating the TM and TE modes. In the following
work, both modes couple to the MP resonance; in addition, the TM mode is strongly coupled to the ISB resonance. (c) Simulated in-plane
electric field in a cavity cross section at frequencies corresponding to the TM and TE modes. Color map shows electric field magnitude in the

y-z plane; white arrows show the in-plane field orientation.

fundamental strategy to break Kohn’s theorem and observe the
effect of Coulomb interactions in the cyclotron resonance is to
design the system to explicitly break translational invariance.
This can be naturally achieved in resonant cavities with highly
subwavelength field confinement and inhomogeneous fields
[33], where the violation of Kohn’s theorem is manifested as
a nonlocal polaritonic response [25,34,35].

In this work, we demonstrate the breakdown of Kohn’s
theorem in a strongly hybridized cavity-electron system,
comprising quantum wells strongly coupled to a metal-
insulator-metal (MIM) cavity. In contrast to conventional
MIM polariton systems, where the cavity couples only to the
intersubband transition (ISBT), we apply a magnetic field,
activating also the magnetoplasmon (MP) resonance of the
two-dimensional electron gas, in a tripartite MIM-ISBT-MP
interplay.

Using THz time-domain spectroscopy, we observe a pro-
nounced renormalization of the magnetoplasmon resonance
frequency through electron-electron Coulomb interactions.
This is activated due to the spatial inhomogeneity of the
TM cavity mode, which is strongly hybridized with the
ISB transition. Unlike Ref. [25], where nonlocality resulted
from a deeply subwavelength cavity miniaturization design
(1/1000), here the violation of Kohn’s theorem occurs with
moderate field confinement (A/60), provided that the resonant
mode is sufficiently inhomogeneous. Furthermore, we demon-
strate that by tuning the magnetoplasmon with the magnetic
field, it is possible to strongly couple it with a different TE
mode, which is mostly homogeneous and in-plane polarized.
As a consequence, the TE mode is not hybridized with the
ISBT, and thus exhibits purely cavitylike behavior. Moreover,
the nonlocality disappears and Kohn’s theorem is reestab-
lished due to a high level of spatial homogeneity.

This device thus allows sampling of the MP degree of
nonlocality by sweeping the magnetic field and by reso-
nantly selecting cavity/polaritonic modes with varying ho-
mogeneity, largely increasing the flexibility of previous stan-
dard subwavelength cavity miniaturization designs [25,33].

Interestingly, the resonant control on the nonlocal response of
strongly hybridized cavity-electron systems is purely cavity
induced, effectively realizing a semiclassical counterpart of
the modification of materials induced by the cavity quantum
vacuum [36,37].

II. EXPERIMENTAL SETUP

A. Cavity composition

The MIM cavity design is shown in Fig. 1(a). The QWs
(red) are sandwiched between a gold backplane and a gold
grating with a periodicity of 40 um and a duty cycle of
75%. The cavity supports a variety of modes when excited
at normal incidence with THz light polarized perpendicular
to the grating [shown in Fig. 1(a)]. The first-order transverse-
magnetic (TM) and transverse-electric (TE) modes are shown
in Figs. 1(b) and 1(c). The TM mode sits at 2.4 THz and
exhibits a strong electric field amplitude perpendicular to the
growth plane [z direction in 1(a)] underneath the gold grating.
In the gaps, however, the TM mode also supports considerable
in-plane fields [y direction in 1(a)]. In addition, the TE mode
at 3.8 THz also lies within the spectral bandwidth of our mea-
surement system. This has primarily in-plane fields, which are
strongest underneath the gold grating.

B. Quantum well

A 3-um stack of Now = 53 GaAs/AlGaAs rectangular
quantum wells (RQWs) with an electron density per well of
3 x 10" em~? is placed in the cavity below an 8-um GaAs
spacer. The QWs exhibit two resonances in the THz region
which we investigate in our study: the ISBT and the MP
resonance.

The ISBT is at 2.74 THz and strongly couples to the TM
cavity mode due to its strong z-polarized fields. Figure 2(b)
shows the THz time-domain spectroscopy (THz-TDS) reflec-
tion spectra measured as a function of temperature in the
absence of a magnetic field [experimental setup schematic
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FIG. 2. (a) Schematic of experimental reflection THz-TDS setup. THz transmitter and receiver indicated with a “T” and an “R,”
respectively. (b) Measured reflectance spectra of the QW-loaded cavity as a function of temperature (with no applied magnetic field). The
lower polariton branch (LP) is indicated. Below schematic indicates the frequency mismatch between the cavity and ISB resonances. Inset:
single spectra slice at 10 K. (c) Measured THz-TDS transmission spectra of semiconductor heterostructure in the absence of a cavity at 3 K.
The black dashed line indicates the unperturbed MP frequency given by wp = eB/m*, where m* = 0.067m,. Inset: single spectra slice at 3 T.
Regions in (b) and (c) where reflectance and transmission are greater than 1.0 are unphysical and due to normalization to reference traces with

low signal. However, these are included for clarity of the data.

shown in Fig. 2(a)]. At 150 K, a single spectral feature around
2.4 THz is resolved, corresponding to the TM cavity res-
onance. As the temperature is reduced, the ISBT becomes
well resolved and couples to the TM mode, resulting in the
formation of polariton branches. The difference in spectral
contrast observed between upper and lower polariton branches
is a result of the mismatch in frequency between the cavity
TM resonance (2.4 THz) and the ISBT (2.74 THz).

When a magnetic field is applied, the QW also exhibits
an MP resonance due to the collective cyclotron resonance
of the electrons [38]. Unlike the ISBT, which is fixed in
frequency with the material growth, the MP resonance fre-
quency increases linearly with applied magnetic field as wp =
eB/m*, where m* = 0.067m, is the effective mass of elec-
trons in the GaAs QW. The MP resonance in the bare QW
heterostructure without the cavity is measured using trans-
mission THz-TDS is shown in Fig. 2(c). The THz response
shows an almost perfect agreement with the expected linear
dependence on the magnetic field (shown as a dashed black
line). The linewidth can be estimated to have an almost B-
independent value of «/(2m) = 300 GHz (see inset), which
is the expected order of magnitude considering the number of
quantum wells and electron density [39]. We will see later that
this clear agreement of the observed MP frequency with the
expected wp is in contrast to the cavity case, where the cavity
modes play a prominent role in reshaping the MP optical
response.

III. THz MAGNETOSPECTROSCOPY OF STRONGLY
COUPLED CAVITY

The cavity-coupled QW device is then measured by
reflection-mode THz-TDS at 3K with an applied dc mag-
netic field from 0 to 9 T. In this magnetic field range, the
MP resonance sweeps across the entire spectral range of the
measurement and interacts with the different cavity modes
for different values of the B field. The resulting spectra are

shown in Fig. 3(a). The MP resonance frequency, given by
wp = eB/m*, is shown by the dashed line. For both the TE and
TM modes, we observe a clear coupling of the cavity mode
to the MP; however, the nature of the coupling is different
depending on the mode.

The high-contrast feature observed in the spectra at 2.4
THz corresponds to the lower ISB polariton, where the TM
cavity mode is coupled to the ISBT. The much lower-contrast
upper polariton is less visible in the spectra, and we therefore
restrict our analysis to the lower polariton only. Although the
TM mode is primarily polarized orthogonally to the MP, it still
supports sufficient in-plane field components to couple to the
MP. The observed coupling around 4-6 T [shown more clearly
in Figs. 3(c) and 3(d)] therefore corresponds to a tripartite
coupling between the ISBT and cavity (which form the ISB
polariton) with the MP. This LP-MP coupling does not result
in the typical anticrossing shape, but rather in an enhanced
broadening of the spectral cavity feature due to its mixing with
the broadened MP resonance. Most interestingly, the location
of this broadening feature is displaced from the crossing point
with the bare MP frequency wg, as seen most clearly in the
interpolated color map of Fig. 3(a). This can be understood as
resulting from a significant blueshift of the MP which is the
signature of the nonlocal effects stemming from the Coulomb
interaction, as highlighted by the red line in the simulation
panel in Fig. 3(b). The origin of this blueshift will be discussed
in more detail in Sec. IV.

On the other hand, the higher-frequency TE mode at 3.5
THz is a purely photonic mode that has no contribution from
the ISBT. It contains mostly in-plane fields which directly
couple to the MP resonance, resulting in strong coupling and
a clear anticrossing behavior. In contrast to the spectral region
around the TM mode, here the MP appears to fit the wp
dependency on magnetic field well. Fitting the response using
a Hopfield model (assuming an MP frequency wg) results in
a polariton gap of 0.6 THz and therefore normalized coupling
of n = 0.04.
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FIG. 3. Interaction of cavity modes with MP resonance through magnetic field tuning. (a). Measured reflectance spectra at 3 K as a function
of magnetic field strength. Dashed line indicates the cyclotron frequency, wg. TM (LP) indicates the lower polariton branch of the ISB polariton
with the TM mode; TE indicates the TE mode. (b) Calculated spectra using the formalism in Sec. IV A, accounting for Coulombic interaction.
For the theory parameters, see Table I in Appendix C. Both TM upper (UP) and lower (LP) polaritons are visible, as well as TE mode. The
white dashed line is the bare cyclotron wg, while the red solid line is a guide for the eye, obtained by interpolating between the bare cyclotron
frequency and the brightest, blue-shifted, cyclotron k mode (see Appendix B for further details). (c) Closeup of nonsmoothed spectra of lower
polariton branch. In (a), (c), the black dashed line indicates the bare MP resonance as illustrated in Fig. 2(c). (d) Individual spectra of TM LP
for three values of the magnetic field corresponding to wg < wm (purple), wg = wym (red), and wp > wrvm (yellow).

The physical understanding of the different coupling of the
TM and TE mode to the MP and ISBT resonances in the QW
will be discussed in the following Sec. IV.

IV. DISCUSSION

A. Cavity-induced Coulomb interactions

In order to fully understand the interactions between the
cavity modes and the MP—particularly where this deviates
from what is expected—it is necessary to consider the im-
pact of the spatially resolved inhomogeneous fields inside the
cavity.

From the theory of macroscopic dielectrics, it is well
known that a polarizable medium is strongly affected by its
own internal electric field. This self-interaction is due to the
fact that the dipolar constituents of the material interact among
each other via the Coulomb force, which is often approx-
imated by the dipole-dipole interaction. When the medium
is excited by a radiative source, it develops a macroscopic
polarization density vector P(r, t), oscillating together with
the external drive. This macroscopic motion of charges also

gives rise to a macroscopic electric field inside the dielectric,
which splits into bulk and surface contributions [40]:

Einside (l', t)
= Ebu]k (r7 t) + Esurf(r’ t)

—r vV . Pt P, ¢
— (I' r ) f d3r/ (I' ) _ / dS/ . (r ) )
dmeg v r—r'|? £)% [r—r'|?

ey
The energy contribution due to this internal electric field,
—P - Ejpgide, Which is dependent on the dielectric geometry,
makes it harder to polarize the medium and thus leads to what
is called depolarization shift [6,41-43]. In most situations,
the system is so large that the surface contribution becomes
negligible, and the only remaining contribution comes from
the inhomogeneous bulk term.
Using a classical coarse-grained approach [44] (as de-
scribed in detail in Appendix A) the inclusion of such a
depolarization effect results in a k-dependent (wave-vector-
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dependent) MP frequency in the 2D QW:
=2 N Ay 2 2
wp(K) ~ wp + Nowwplk. @

with an explicit dependence on the material’s plasma

frequency,
[e?nap
= . 3
wp emL, 3

Here, Ny is the number of quantum wells, and the function
¢k depends on the specific cavity-QW geometry. Following
Appendix A2, for the simplest cavity geometry, with two
infinite metallic parallel plates at distance L., we obtain the
long-wavelength limit:

Lk (Lck)
2 4

K~ “
holding for L.k < 1. The first term of Eq. (4) accounts for
the free-space contribution of Coulomb interactions, while the
second term, proportional to (L.k)?, is the screening correc-
tion coming from the metallic boundaries (not to be confused
with the surface contribution in Eq. (1), which refers only
to the QW dielectric properties, while the metallic boundary
affects the (r — r’)/|r — r'|* kernel in Eq. (1), being replaced
with the proper Green’s function [see Appendix A 2]). This
phenomenology is also commonly known as nonlocality [25].

Without inhomogeneities in a translationally invariant ge-
ometry, the MP is excited only on the k = 0 mode so the
system does not experience any depolarization shift. In this
case the system is in agreement with Kohn’s theorem and is
well described by a completely noninteracting system, with-
out any trace of its internal Coulomb forces. However, in
our observed configuration, the cavity-ISBT polariton excites
the quantum well with a highly inhomogeneous electric field
profile (due to its TM mode structure), leading to a nonho-
mogeneous MP oscillating polarization V -P 0. The cavity
thus induces a visible Coulombic contribution in the MP
dynamics.

B. Modeling the coupled system

Tuning the magnetic field directly selects the level of inho-
mogeneity in the MIM cavity through resonant excitation of
the different modes coupled to the MP. The choice of cavity
mode in light-matter-coupled systems is therefore important
not only for maximizing the strength of the coupling with the
electronic transition, but also for determining the degree of in-
homogeneity and, consequently, the breaking of translational
invariance of the system.

To demonstrate this, in Fig. 3(b) we calculate the spectra
taking into account the effect of Coulomb interaction and re-
sulting wavelength-dependent MP frequency. This calculation
is performed with a simple classical linear model, starting
from Maxwell equations in the presence of a polarizable
material and projecting them on the cavity two-mode sub-
space (see Appendix A). The transmission/reflection is then
extracted following Appendix B by solving the following

coupled-modes equations:

_atz Z (ﬁ)x,kﬁlivlp + ﬁx,kﬁIfSB),
X

(52 + 02)é

(3,2 + C?)B(k))PI?/IP = Nwa,% Z ﬁ))hkg)»,
A

(37 + wisp) P> = Nowewp D i k&5 o)
A

Here, &, is the electric field amplitude of the Ath cavity
mode, with frequency w;; PP is the dielectric polariza-
tion amplitude of the MP kth mode, with frequency @p(k),
which includes the k-dependent nonlocal Coulomb contribu-
tion; P>B is the dielectric polarization amplitude of the ISB
transition with frequency wisg. As detailed in Appendix A 4,
W; k, iy, are coefficients that depend on the overlap be-
tween the Ath spatial cavity mode and the kth MP/ISB mode.
These coefficients carry the fundamental information about
the cavity-induced spatial inhomogeneity, which is eventually
able to trigger the observed nonlocality.

It is worth stressing that while the cavity modes are trans-
verse modes [45] [whose dynamics are in the first line of
Eq. (5)], we do not discard the longitudinal component of the
electric field, which gives rise to what we call the Coulomb
contribution mentioned in Eq. (1). As indeed described in the
previous Sec. IV A, and detailed in Appendixes A and B, it is
this longitudinal contribution which provides a k-dependent
depolarization shift affecting the MP frequency, @g(k), and
emerges during the interaction with the TM mode.

We see a good agreement of the measured spectra in
Fig. 3(a) with the calculated spectra in Fig. 3(b). Com-
paring more closely in Fig. 3(d), the calculated spectra
accurately demonstrate interaction of the ISB polariton with
the Coulomb-shifted and broadened MP. In addition, the cal-
culation also models the blueshift of the ISB polariton at
low magnetic field, when the MP frequency is much smaller
than the ISB one and wp — 0. This shift is compatible with
the standard polariton gap due to ultrastrong coupling, and
is present even though we do not observe clear polariton
splitting due to the broadened cyclotron linewidth. However,
since this shift is much smaller than the linewidth of the ISB
polariton itself and on the order of our experimental system’s
spectral resolution, we cannot experimentally determine its
quantitative value with accuracy.

The TE mode is also well reproduced, showing a clear
anticrossing at the MP frequency, in contrast to the TM mode.
We note for the calculation in 3(b) we use a value of 3.508
THz for the uncoupled TE cavity mode frequency, which is
extracted from the experiment in Fig. 3(a). This is slightly
shifted from the value 3.8 THz of ab initio simulations in
Fig. 1(b), likely due to slightly mismatched cavity dimensions
from their nominal values. This and other simulation parame-
ters used can be found in Table I in Appendix C.

For comparison, in Appendix D we also show the cal-
culated spectra without including the Coulomb interaction,
which reproduces the TE spectra, but does not accurately
reproduce the experimental spectra for the TM mode. This
demonstrates that to accurately model light-matter-coupled
systems with electronic transitions and inhomogeneous
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TABLE I. Parameters used for the numerical simulations in the
main text.

Square well Parabolic well

wtm/2m) 2.408 THz 1.5 THz
wte/(2m) 3.508 THz 3.5THz
wisg/(2m) 2.73 THz 1.4 THz
VNowwp/(2m) 1 THz 1.4 THz
f 0.3 0.3
fisB 0.3 04
Ax 10 um 6 um
L. 11.5 um 4 um
L, 30 um 30 um
y/(Q2m) 50 GHz 50 GHz
k/(2m) 300 GHz 300 GHz
kisg/(2m) 200 GHz 300 GHz

electric fields, it is crucial to include the influence of the
field inhomogeneity on the Coulomb interactions in the two-
dimensional electron gas (2DEG).

C. Hamiltonian description and ultrastrong coupling

From the classical dielectric theory in Eq. (5) (see in
Appendix A for more details), we can also derive the re-
spective Hamiltonian for the quantized system, which allows
us to understand the dominant energies in the system. In-
troducing the annihilation operators a;, by, ci, respectively,
for the Ath cavity mode, MP, and ISB kth mode, the total
system’s Hamiltonian is given as the sum of four contributions
H = H. + Hyp + Hisg + H;, where (see Appendix E for the
derivation)

H. = E hw,a, a,
A

HMP = Z ha)gb;bk
k

Hisp = Y _ hoispcjcy. (6
K

are, respectively, the cavity, MP, and ISB individual Hamil-
tonians. The light-matter-interaction Hamiltonian, describing
the coupling between the electrodynamical cavity field and the
MP, ISB excitations, is given by

i

Hi=— i ) (@ — a))inibi + bj) + B x(ci + )]
Ak

2
has . e .
+ ; o [ij<wx,k<bk + b)) + iy i (cx + c,;»}

L > Gulbe + b)) )
dwp - Ci (bk k) -

Here, we introduced the multiple-QW collective plasma fre-
quency as wp =

From Eq. (7) we see that the light-matter interaction is not
given by a single term, but it is rather structured. In the first
line, we have the direct linear coupling between the cavity

NQwa)p.

electric field and the total matter’s polarization, obtained as a
weighted sum of the MP and ISB polarizations:

ha .
Hijp = — lTP Z(ax - d;)
Ak
X [y 1 (by + b)) + fip i (ck + ¢, ®)

This term scales linearly with the plasma frequency (the light-
matter coupling constant), wp, and, under the rotating-wave
approximation gives the photon-matter flip-flop interaction
that defines the polariton excitation [46].

In the second line of Eq. (7), we have a matter-only term,
scaling quadratically with the collective plasma frequency,

2
ha? . .
Hp = ; 4_21: {Xk}aa,k(bk 4 b))+ ity (o + c,L))} .9

This term is the famous P? term (polarization square), en-
suring the stability of the system, and that also rules out
any possible superradiant phase transition in the ground state
[6,41,43,47].

The last term in Eq. (7) describes the Coulomb nonlocality
emerging from Egs. (1), (2), and (4):

2
Hiioe = 22 5™ 4y + b)) (10)
nonloc = 4w Ci (b k)
k

The nonlocality term is quadratic in the collective plasma fre-
quency, @3, and it can also be labeled as a P? term. However,
contrary to the P? term in Eq. (9), which emerges from the
transverse part of the electromagnetic interactions [43,45,48],
the nonlocality emerges from the longitudinal part of the elec-
tric field [48], and thus, while similar, these two terms are very
different in nature and must not be confused.

The &3, quadratic scaling of the nonlocality term in
Eq. (10), clearly links its phenomenology with the so-called
ultrastrong coupling (USC) regime [1,2,5]. In this regime,
the light-matter coupling strength becomes as large as the
intrinsic cavity or QW energy scales (in our case, see Ta-
ble I, h@p ~ 1THz ~ hw,, hwp, hosg). In this way, the
linear cavity-QW coupling given by Eq. (8) becomes sub-
leading, indicating that whenever the inhomogeneity of the
system allows the cavity to excite k > 0 modes (i.e., the
W)k ity overlap coefficients are nonzero at finite k), the USC
regime is dominated by nonlocality effects, affecting nonper-
turbatively the phenomenology of cavity QED light-matter
interactions [43].

D. Generality of nonlocality

For sufficiently doped quantum wells, the nonlocality be-
havior only depends on the inhomogeneity of the cavity mode,
and can thus be recovered in other types of heterostructure,
and for different cavity geometries. To demonstrate this, in
Fig. 4 we show the case of ISB polaritons in a cavity con-
taining parabolic quantum wells [11]. Here, the ISBT is still
coupled to the TM mode of the cavity, but the continuously
graded material composition of the quantum well allows for a
lower-frequency ISB transition, and therefore larger ISB po-
lariton coupling strength. To match the TM mode frequency to
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FIG. 4. (a) Cavity containing parabolic quantum well heterostructure: schematic (above) and simulated cavity fields (below). (b) Experi-
mentally measured spectra with magnetic field for cavity in (a). Arrows indicate positions of line cuts in (c) for lower polariton (bottom) and
upper polariton (top). (c) Individual spectra of TM LP (left) and UP (right) for three values of the magnetic field corresponding to the purple,
red, and yellow arrows in (a), (d) Calculated transmission of sample in (b). For the theory parameters, see Table I in Appendix C.

the ISB frequency, the cavity dimensions are slightly different
from the rectangular well case, with no GaAs buffer region
[Fig. 4(a)]. Despite the altered cavity dimensions, we still
observe significant inhomogeneity in the fields, particularly
at the interface between the metallic cavity plate and the gap.
In addition, the lack of a buffer region means that the electrons
in the quantum wells also experience the fields at the grating
edges, which are highly inhomogeneous.

As for the previous samples, Fig. 4(b) shows the measured
spectra when a magnetic field is applied, tuning the MP reso-
nance across the ISB polaritons. Here, interaction of the MP
with both polariton branches is visible thanks to the closer
frequency alignment between the TM cavity mode and ISB,
although the spectral features are slightly less clear due to the
broadened polariton branches. For both polariton branches,
these features include a cavity-induced broadening around the
crossing point, a blueshift of the MP from its bare frequency
wp indicated as a black line as seen in the rectangular well
case in Fig. 3.

By demonstrating the effect of Coulomb interaction in
different cavities with two different heterostructures, we high-
light that the level of nonlocality can be tailored through
cavity design, independently from the quantum well system.
To further support this, in Appendix D we show the calculated
spectra for both the cavities in Fig. 3 and Fig. 4 without includ-
ing Coulomb interaction, demonstrating how the experimental
spectra are clearly modified in the experiment by nonlocality.
Moreover, by further increasing the coupling strength either
through different cavity design or increasing the electron den-
sity, the Coulomb interaction and thereby nonlocality can be
further enhanced.

V. CONCLUSION

In conclusion, we have experimentally demonstrated how
the spatial inhomogeneity of a cavity mode can fundamentally
alter the response of a two-dimensional electron gas (2DEG)
in the strong light-matter coupling regime in the presence of
a strong magnetic field. Using a multimode metal-insulator-
metal (MIM) cavity containing quantum wells, we access
different coupling regimes by tuning the the magnetoplasmon
resonance as a function of magnetic field and selectively
coupling it to distinct cavity or polaritonic modes, the latter
resulting from the hybridization of cavity modes with the
intersubband transition in the QW.

We find that the MP-cavity coupling in a spatially inhomo-
geneous field results in significant features, including spectral
shifts attributable to Coulomb interaction. Furthermore, the
breakdown of translational invariance—induced purely by the
spatial profile of the cavity field—demonstrates a method for
altering materials through cavity coupling that arises not from
vacuum fluctuations but simply from the cavity field spatial
profile. The cavity-induced Coulomb interactions can be acti-
vated on demand via magnetic field tuning and are controlled
through the cavity design.

These findings demonstrate that in order to accurately
model light-matter coupled systems with electronic transitions
and inhomogeneous electric fields, it is crucial to include the
influence of the field inhomogeneity on the Coulomb inter-
actions in the 2DEG. Beyond this, the ability to manipulate
polariton properties dynamically through cavity mode selec-
tion and magnetic field tuning opens possibilities for tunable
polaritonic devices, where the tripartite interplay can be also
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exploited to study the cavity protection phenomena or the
quantum vacuum of ultrastrongly coupled systems [48,49].
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APPENDIX A: GENERAL THEORETICAL DESCRIPTION

Here, we develop a fully classical description of the
transmittivity/reflectivity of the THz cavity coupled to two-
dimensional quantum well (QW). The quantum well is
characterized by a polarization density P(r), having the di-
mensions of dipole moment per volume. The polarization
density can be then linearly decomposed in all the contribu-
tions due to the independent transitions in the material. While
these transitions have fully quantum origin, it will be clear
that a classical description fully matches the pure quantum
one [4,30]. Here, for simplicity we focus on the case where
the polarization is fully given by an MP transition [3], but the
generalization to other type of transitions (i.e., intersubband
[4]) is straightforward.

While the theory is developed in a fully general way, we
will focus here on the simplest case of a planar, translationally
invariant cavity filled with a medium having ¢, = 1 with no
grating.

1. Maxwell equation with polarizable matter

We first start by considering Maxwell equations:

vV.E="2, (A1)

€0

N 1/7] d

V xB= — , A2
x 62<60 dt ) (A2)
V.B=0 (A3)

N 0
VxE=—-—B (A4)

ot

As a first task in developing our theory we rewrite these
equations in a minimal form to treat problems with polarizable
matter.

Here, the charge density is fully given by the polarization
density of the QW:

p=—V-Psp, (A5)

which is related to the current by the dipole (long-wavelength)
approximation,

J= 8tP3D-

Here, we use the label 3D in P3p to distinguish from the
two-dimensional QW polarization P, which will be introduced
later on.

Combining Eq. (A2) with the rotor of Eq. (A4), we obtain

(A6)

N 1
—*V?E+ ?V(V-E) = —3’E — —3P;p. (A7)
€0
To further reduce the system of equations and make it
solvable, we need to take the Gauss law into account,
_ V.P
V.E=-——"3% (A8)
€0
so as to isolate the so-called transverse and longitudinal parts
of the electric field:

E=E'+E'. (A9)
Here,
1~ .
El = —V(G*V -Pyp) (A10)
€0
and
E' = jA. (Al1)

The vector A is the vector potential, having the property
VxA=Band V-A=0. As a consequence, V - ELX =0
by construction, coinciding with the standard definition of
transverse vector [45]. We also introduced the Green func-
tion of the Poisson equation, G, which solves —V2G(r,1’) =
8(r — r’) with metallic boundary conditions on the plates and
zero electric potential difference between them. The » denotes
the convolution operator in real space. As a consequence, also
VxEl=0 by construction. These definitions are general
and true in a cavity setup or any other confined geometry.

We finally arrive at the main equation describing the elec-
tric field dynamics in the grating cavity:

1 - _
—*VZEY + 7B = ——3[Psp + V(G * V - P3p)].
€0

(A12)

The term inside the square brackets on the left-hand side is the
transverse projected polarization density

P, =P3p+ V(G V -P3p), (A13)
having the property
V. Py, =0. (A14)
Its longitudinal projection is instead
Pl, = —V(GxV -Pyp). (A15)

Evidently, P§-D + PgD = Psp.
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We consider the transverse electric field decomposed on
the cavity eigenmodes,

EX(r2) = ) wir, 2)E0). (A16)
A
Here, we use r = (x, y) as the in-plane position, keeping ex-
plicit z, and V is the system’s volume. This convention will be
especially convenient when we introduce the two-dimensional
quantum well. In particular, w, (r, z) is an adimensional func-
tion that fully characterizes the A electromagnetic eigenmode.
The index A is intended as an generalized index, comprising
the polarization index and eventual wave vector. It has the

properties that V - w;(r, z) = 0 and it satisfies the Helmholtz
equation:

2

—V2wWy(r, 2) = wiw, (T, 2). (A17)

These functions are orthonormal and normalized such that

/ Prws(t, 2) - W, 2) = Sy, (AL8)

where V is the system’s volume. Projecting both sides of
Eq. (A12) on these eigenmodes, we finally obtain the main
equation for the amplitude of the cavity modes:

& + il =} [ / d*rdzw(r,z)- P3D(r,z)} (A19)

Here, &, = €&, and has the same dimensional units of

Pip(r, )VV.
Importantly, in Eq. (A19) the longitudinal polarization has
disappeared because

/dzrdz Wi (r,2) - VIG» V - P3pl(r, 2)
= /d2rdzw,\(r, 2) - Vige(r, 2)]
= fdzr dz V - [wy(r, 2D)ep(r, 2)]

— /dzrdz [V - w,(r, 2)]gp(T, 2)

=0, (A20)

where
op(r,z) = / d*rd7 G(r, 2, v, )WV - Pyp(r,Z).  (A21)

The term in the third line of Eq. (A20) is a boundary term,
vanishing in an infinitely large system. The term in the fourth
line is zero as well by definition of the transverse mode func-
tions V - w, (r, z) = 0.

2. Long-wavelength Green’s function

The most important object to compute the longitudinal
contribution to the dielectric response is the Green function

of the Poisson equation
—V3G(r, 7, v, 7) = 8P —1)8(z — 7)), (A22)

which gives rise to the well-known Coulomb interaction.

In free space it gives the standard Coulomb potential
G(r,z,v',7') = 1/(4m|r3p — 1)), where r3p = (r, z), while
in an infinite parallel mirror cavity one must includes all the
image charge extra terms [51].

For our purposes, we do not actually need the real-space
representation, but rather its Fourier k-space one. To have the
maximally accurate description, we would need to consider
the solution relative to the grating patch cavity, with appropri-
ate boundary conditions. In practice, this is quite challenging,
so we restrict our discussion to the simplified case where
two parallel, perfectly metallic mirrors form the cavity. The
distance between the two mirrors is the cavity length, and is

called L. Introducing k = | /k? + k, the Poisson equation is

rewritten as
(0. +k)Gi(z, 7)) = 8(z — 2), (A23)

imposing the metallic boundary conditions Gy(z =0, 7') =
Gy(z = L., 7') = 0. The solution is given by

Gi(z,7) = gi(z, 2)O(z — 2) + g (', 2)OE — 2),

where

(A24)

e k=7l 1
2k 2ksinh(kL,)
x [sinh(kz)e@ 1) 4 sinh(k(L, — z))e ],

gz, 7)) =

(A25)
and ©(z) is the Heaviside step function.
The long-wavelength expansion for L.k — 0 gives
1z
li )= — — —. A26
kl_fggk(z 7) T (A26)

It is worth stressing that this expansion holds only if k& <
1/L.. Having a box of size L,, for which k = 2% /L,, this im-
mediately implies L, > L., suggesting that the limit L, — oo
does not commute with the long-wavelength limit.

Taking 7z = 7/ = L./2, we have

L.k?
4

Instead, to calculate the Green function in the free-space limit
(no cavity), we have to take the limit L. — oo already in
(A25), which recovers the standard Coulomb dispersion,

k
K2Gi(Le/2, LoJ2) ~ 3 (A27)

k
K2 Gi(Lo/2, L.J2) ~ 5 (A28)

3. Cyclotron polarization and nonlocality

While the cyclotron (or MP) transition in a 2DEG (two-
dimensional electron gas) is a fully quantum phenomenon,
due to harmonicity, it can be equivalently described by a clas-
sical system. In particular, here we develop a coarse-grained
description of the MP polarization, which is also often dubbed
in the literature as macroscopic dielectric theory.

Let us consider a single electron as a classical charged par-
ticle, confined in a two-dimensional plane at z = 0, in a strong
homogeneous perpendicular magnetic field Bexy = (0, 0, Bext)
and in-plane electric field E(r, z) = (E.(r, z), Ey(r, 2), 0). As
before, we take as a convention r = (x,y) as the in-plane
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position. Calling ér the in-plane coordinate of the electron,
the equations of motion are

mér = edr X Bey + eE(Sr, z = 0). (A29)

By integrating out the equation for §y, we obtain the equa-
tion for éx (the same applies to 8y),

5% + widx = %Ex(Sr, 0), (A30)
which describes a harmonic motion coupled to the electric
field.

We then extend the description to many electrons n =
1,2...8N,, all localized around the position r. Here, we com-
pletely neglect the interaction between these electrons. While
this assumption is surely wrong in a real physical system,
here it is motivated by the fact that we can interpret ér,
as the coordinate of effective degrees of freedom, resulting
from a proper quantum treatment where the Fermionic nature
of electrons allows to remap the interacting problem in an
independent particle model [52].

We take a long-wavelength approximation approximat-
ing the electric field as homogeneous around that position
E(éry, 0rp, ... 0ry) =~ E(r). We identify the material total
dipole moment at this fixed position as e, dr,. From
Eq. (A30) we obtain the equation of the oscillating total
dipole:

5N,
02> xu+wp Y 8, = SE(r). (A31)

m

Here, the displacements dx,, are relative to the fixed position
r, which can be interpreted as the center-of-mass position of
this electronic ensemble. In general, we now understand that
the macroscopic two-dimensional polarization can be defined

as
ory,
P(r) = —,
(r) e;as

where §S is a small surface element containing the §N, elec-
trons [44]. A similar treatment applies to the more general
three-dimensional polarization P3p defined in the previous
subsection, but here, for simplicity, we focus directly on the
specific case of our interest. Since the general electrodynamics
equations developed in Sec. A 1 require a three-dimensional
polarization, it is worth noticing that the two-dimensional one
can be cast to a three-dimensional one via delta function:

P3p(r,z) = P(r)é(2). (A33)

We then arrive at the main equation describing the har-
monic motion of the in-plane polarization:

(A32)

37P(r) + wiP(r) = wpL.€E(r, 0). (A34)
Here, we have introduced the plasma frequency as
2
wp= |22 (A35)
emL,

where we have used the three-dimensional electron density
as n3p = 6N, /8V, leading to the two-dimensional density
myp = n3pL.. € = €,€p is the dielectric permittivity of the
considered material while L, is the cavity height. From here

on the system’s volume is given by V = L.S. A full quan-
tum treatment leads to a different coupling constant, which
depends explicitly on the filling factor v [30]. However, our
classical description gives very similar quantitative results
without the complexity of a full quantum description and with
the advantage of having a more transparent interpretation.

In light of the development in the previous sub-
section, we further manipulate Eq. (A34) to account
for the split between transverse and longitudinal electric
field components. We use E(r,0) = E+(r,0) + VIG*V -
P3pl(r, 0)/e = EX(r, 0) — Pll(r)/e, which is a consequence
of Egs. (A10)—(A15). The main equation of motion for the
cyclotron polarizability is then

3?P(r) + wiP(r) = wp(eL.EX(r,0) — Pl(r)).  (A36)

The two-dimensional version of the longitudinal polarization
appearing in this equation is rewritten explicitly as

Pl(r) =L, / d2rVV'Gr,z =0,r,7 = 0)-P(r).
(A37)

Here, we have integrated by parts and discarded the boundary
terms.

Equation (A38) is particularly important because it shows
how the Coulomb force enters the polarization dynamics
through the longitudinal part of the field. This term is what
is often referred to as nonlocality [25,31,53], and we will see
that it is the major factor responsible for depolarization shift
phenomena in nonhomogeneous MP excitations. To this aim it
is worth to express Eq. (A38) in Fourier space, by considering
Py = [d’r/S e ®TP(r) [same for E1(r, 0)]. We have that

3Py + 0Py = wp(eL Ex — L.k Gk -Py).  (A38)
Here, we have assumed that the system is translation invariant
in the plane, so that G(r,z=0,1r,7 =0)=G(r —r,z =
0, 7 = 0). Restricting for simplicity the system only the xd
imension and considering that limy_, Gy =1 /(2k) [43,54],
we have
3P + ag(k)B, = wheL Ey, (A39)
where the cyclotron frequency is now shifted by the k-
dependent depolarization shift [25]:

(k) = wp + w%%”k- (A40)
More generally, we can write
(k. 2) = o + 0} G (), (A41)
where
o= 1113(1) Gz = 7). (A42)

4. Polaritonic transmission in the presence of nonlocality

Combining Eq. (A19) with Eq. (A38), we can finally ad-
dress the coupled light-matter system, where the cyclotron
MP excitation is hybridized to the polaritonic/cavity modes
to form hybridized modes.
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In order to account for the polaritonic origin of the TM
mode we must also include the ISBT polarization splitting the
total polarization in Eq. (A19) into P3p = P35} + P55 [48].

Again, restricting to only the x directlon and takmg a
Fourier transform with respect to time, we obtain the coupled
mode equations:

(@] — )& =Y (kP + ik PP),  (A43)
k
(@é(k) — Z)PMP = CU}ZJ Z .1 (A44)
(wfsy — @*)PISE = Z i 1. (A45)
Here, we have shifted the electric field in Eq. (A16) to
& — ENV/L,. (A46)

In this way, the coupling matrices are given by the dimen-
sionless quantities (by restoring the full two-dimensionality
dependence),

d? )
Wy x = «/V/ Tre"k'rwk(r, 0) - u,, (A47)

2
=7 [ et o, )
where u, = (1,0, 0),u, = (0,0, 1) are the x- or z unit point-
ers. Moreover, we have introduced the ISBT frequency,
which is assumed to be k independent and not affected by
nonlocality.

The transmission/reflection can then be obtained through
the formula [48,49]

T= Z Ya Z M;)LI,A)L/.
A 7

Here, we introduced the photon losses of each mode y;, which
is incorporated into Egs. (A43) and (A44) by shifting the poles
w} — 0 > w! — w? — iy, for each mode. The dynamical

matrix is defined as

2 2 Uy kil k
MAA/Z( —a))8M—a)a)PZ—

— 2
k Wigp — @

wx KW k
— a)za)f, E

w3k) — ?

Here, we also introduce losses: for the cyclotron excitation,
i, by substituting @3 (k) — @? = @3(k) — w* — ik, for the
cavity, y, by substituting ?} — »* > w} — w* — iy o, for the
ISBT kisp, by substituting wky — 0* > wkp — 0* — ikispw.
The adimensional amplitudes A, are instead given by the
projections of the in-plane external drive amplitude I(r) on

the cavity eigenmodes:

JdPrwi(r.z=Lc) Lr)
[ [ d?r |I(r)|?

APPENDIX B: THREE-MODE CAVITY THEORY

(A49)

(A50)

A, ~ (AS1)

Here, we specialize the transmissivity/reflectivity theory
developed in Appendix A 4 to describe the experimental setup

FIG. 5. Schematic of the TM-modes spatial field polarization.

described in the main text, with the parameters derived in
Appendix C.

We restrict the description to only the main two TM, TE
cavity modes described before, and we can neglect the cou-
pling between different cavity modes and essentially only
keep the diagonal terms of M in Eq. (A50). Notice that the
TM mode is a polaritonic mode, split into lower polariton
(LP) and upper polariton (UP), so in the end we will see
three modes in the transmission, TM;p, TMyp, and TE, all
hybridized with the MP. The transmissivity can then be written
as

Va0 A
T
Z 0} — w6 (w) —

(B1)
iy\o,

where we introduced the ISBT and MP relative permittivities
per mode €; (w) = 1 + xSB(w) + xMP(w), determined by the
ISBT and MP susceptibility

X158 |tk |
() = wp E > , (B2)
ISB — W lKISBa)

|ka|

P —
(@)= wPZ o3(k) — 0? —ikw

(B3)

For the TM mode, we assume that the eigenmode x pro-
jection is a box function, which is constant corresponding
to the grating gap between the metallic patches, and zero in
correspondence to the patch,

[ 1
Wi=tm(X, y,0) - u, = [ f Ax I1(x) cos(k;x).

Here, Tl(x) =[1 — O(x — Ax/2)]®(x + Ax/2) is the box
function and ®(x) is the Heaviside step function. The adi-
mensional factor f < 1 accounts for the nonoptimal overlap
between the QW and the cavity modes. Moreover, the wave
vectors k; are given by the periodicity of the structure, and
we have that k; ~ 27 /L. This approximation is schemat-
ically represented in Fig. 5. Here, L, is the x size of the
quantum well. Notice that the normalization factor +/1/Ax
follows from the normalization condition of the eigenmodes
in Eq. (A18), taking the y projection vanishing and the z pro-
jection complementary to the x one. Their Fourier transform

(B4)
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gives

Wr=TM,k =

Ax| . Ax
fng |:smc ((k — k1)7>

. Ax
+smc<(k+k1)7>:|. (BS)

Here, sinc(kx) = sin(kx)/(kx). For the z projection in-
stead, we only keep the k = 0 term, since the ISBT is not
substantially affected by nonlocality. We then have i, v ¢ &
V/ fisedok, where fisg < 1.

For the TE mode, instead, we assume that it is completely
constant across the plane so as to have

wi—TE(X, y,0) - u, ~ v/ Li (B6)

and w;_tg(x,y,0)-u, 0. For the MP, its normalized
Fourier transform gives

W=Ex = Stov/ S (B7)

and ity —tg x = O for the ISB.

We also assume that all the Now =57 QWs couple in
the same way to the cavity, and contribute equally to the
Coulomb nonlocality. We can thus include the factor ,/Now
as a collective enhancement of the plasma frequency. We have
that the two modes MP susceptibility is now simplified to

Nowwp Ax 3 sinc?((k — k;)Ax/2)

MP ~
G @) X S =51 2 00— — ik

k>0

Noww>

MP QW®p
“re(w) X , B8
X/\_TE( ) fw% — o — ik (B3)

while the ISBT gets
N wa)2 1
Xosim (@) % fiss Q2 £ T
wISB — W* — IKISBW

X1 (@) ~ 0. (BY)

It is worth noticing that in Eq. (B8) we neglected the cross
contribution proportional to sinc((k — k;)Ax/2)sinc((k +
k1)Ax/2), which is a valid approximation if Ax is sufficiently
large, so that the overlap between these terms is negligible.
Then, we can resum the +k; contributions, rewriting the for-
mula limited to only the k¥ > 0 modes.

In @3(k) of Eq. (A41), we must also use Noww3 instead
of w3. This accounts for dipole-dipole near-field coupling
between the slabs [48], for which the MP mode is actually a
superradiant collective mode emerging from coupled motion
of all the quantum wells together. This effective description
holds well under the long-wavelength condition, for which
kAz < 1. Here, k is the typical MP wavelength and Az is the
separation between the quantum wells along the z axis. Since
k ~ 0 — 1/Ax we have that the interwell separation must be
Az < 10 ym, which is surely satisfied.

To better visualize the effect of the nonlocality [as in
Fig. 3(b)], we can define an MP trajectory in the B field, which
interpolates between the bare cyclotron resonance wp and the
brightest k mode of the MP interacting with the TM cavity
mode. Indeed, looking at Eq. (B5), we realize that k| is the

brightest mode when the MP is resonant with the TM cavity
mode, while out of resonance the dominant MP mode is at
k = 0. We then introduce a B-dependent k wave vector:

2
k(B) = ky i
(wtm — @p(k1))” + Yim

(B10)

The red-line MP trajectory in Fig. 3(b) is then simply given
by wmp(B) = @g(k(B)), calculated on the parameters in the
next section, Appendix C. Naturally, this wyp(B) trajectory is
not rigorous, and the interpolation can be done with any other
function rather than the Lorentzian used here. However, we
find that it correctly visualizes the MP behavior.

APPENDIX C: PARAMETER ESTIMATION

Here, we focus on the estimation for the parameters needed
in the theory. Since the QW consists of a slab of GaAs, we
take € & 13¢p and m ~ 0.067m,, where €y =~ 8.85 pF/m =~
53.1e¢/(uV m) is the vacuum permittivity; e and m, are the
electron charge and mass, respectively. The three most impor-
tant quantities in this work are

&2 4
— ~ 1.8 x 10" meV nm,

€0
hZ
— ~ 1136 meV nm?,
m
eh? meV
= — ~0.86——. Cl
v T (CDhH

Assuming a 2D electron density nyp ~ 10'ecm™2 =

1073 nm?, we have that iwp =~ 0.4 meV, corresponding to
wp
— ~ 100 GHz. (C2)
2
(We remind that the energy-to-frequency conversion is given
by 2nh ~ 4.13 meV /THz.)
Considering the collective enhancement due to the pres-
ence of many quantum wells, for instance Now = 57 and
nop ~ 3 x 1071 as reported in the main text, we have

,/NQwa)

? ~13THz (C3)
2

This value is quite large and it would give a much bigger
Rabi splitting than what is observed on the TE mode in the
main text, Qg/(27) ~ 600 GHz. However, accounting for the
smaller overlap between the QW and the cavity field, f < 1
returns the correct value, Qr/(2m) ~ 2f,/Nowwp/(27).

From the experimental data we observe the MP to cross the
TE mode at around B =~ 8.5 T. Considering that wg = 2upB,
from this value we obtain

(9]

— ~ 3.5THz, (C4)
2

indicating that the electron’s mass is correctly m* = 0.067m,.
From the independent observation of the MP resonance
linewidth, we obtain

£ ~300GHz (C5)
2

The two main cavity modes are given by A = {TM, TE},
called transverse magnetic, and transverse electric, respec-
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FIG. 6. (a) Same simulation as in Fig. 3. Red solid line is a guide for the eye obtained by interpolating between the bare cyclotron frequency
and the brightest, blueshifted, cyclotron £ mode (see Appendix B for further details). The green-shaded region represents a collection of the
various trajectories @g(k) for increasing values of k € (0, 0co); the opacity of each line is given |wry i |?y?/((wrm — @p(k))? + y?) according
to Eq. (B5). (b) Same simulation as in (a) but with @g(k) = wp. (c) Individual spectra of TM LP for three values of the magnetic field extracted

from (a) top and (b) bottom, as in Fig. 3.

tively, based on their polarization properties [44]. Both the
square-well and parabolic-well devices illustrated in the main
text support these modes, due to their MIM, metallic-grating
patch-cavity design. All the other parameters, such as cavity
linewidth, ISBT frequencies, etc., ... are taken phenomel-
ogically from the experimental data, and are consistently
benchmarked with the standard literature. The parameters
used in the numerical simulations reported in the main text
are summarized in Table I. Notice that the cavity linewidth is
taken equal for all the modes y; = y.

APPENDIX D: COMPARISON TO SIMULATION WITHOUT
THE LONGITUDINAL COULOMB CONTRIBUTION

In this section we further demonstrate the effect of non-
locality by comparing our calculated spectra in Figs. 3 and
4 to the case where we artificially remove the shift induced
by Coulomb effects, setting @wg(k) = wp. In Fig. 6 we show
this comparison for the RQW case (Fig. 3). Without the
inclusion of the k-dependent shift due to the longitudinal
Coulomb interaction, Rabi splitting between the MP and the
polariton lines is more evident and the interaction is per-
fectly symmetric about the cyclotron resonance frequency. For
completeness, in Fig. 7 we also show the calculated spectra
without nonlocality for the parabolic quantum well case [for
comparison to Fig. 4(d)].

APPENDIX E: HAMILTONIAN FORMULATION

Here we consider the finalized coupled modes equations in
Egs. (A43)—(A45) and we recast this system into the Hamilto-
nian framework. For simplicity, here we omit the tilde ~ from
all the variables.

First we introduce the two auxiliary parameters €aux, Maux,
defined such that

1
Nowws = i (E1)
aux aux

Then, we introduce a variable for the electromagnetic field,
8)\. = gauxatA)m (EZ)

and for the polarization

Po=Y " (03P + i1, BP). (E3)
k

— 1
a
(@) 2.2
2 0.95
"
e 4 8
= S — i
216 ¢ 109 G
() =
3 i
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FIG. 7. (a) Same simulation as in Fig. 4, with @g(k) = ws. (b)
Individual spectra of lower (left) and upper (right) polaritons for
three values of the magnetic field extracted from (a), as in Fig. 4.
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Then, Eq. (A43) is rewritten as

P,
A, = —02A;, — 8. (E4)
Ex
Introducing the canonical variable
DA = SauxatA)\ + P)\a (ES)
we rewrite the equation as the first Hamilton equation,
0H¢
WD) = —wiA; = ———, E6
D, A oA, (E6)
where the electric field Hamiltonian is introduced as
(D, — P/\)z Gauxwi 2
He = As. E7
e=Y T A (E7)

A

By construction, also the second Hamilton equation is
satisfied:
oH, D, — P
oA = = =2 (E8)
BDA Eaux
due to the definition given in Eq. (ES).
In a similar way we derive the Hamiltonian for the MP
and ISB polarization equations. Let us introduce the canonical
moment of the MP/ISB degree of freedom:

1_IkMP/ISB = M5, Pli\/IP/ISB. (E9)

Equations (A44) and (A45) are then rewritten as a first Hamil-
ton equation,

0Hwvp/1sB 0Hg

MP/ISB __
B,Hk - 8P]1\/IP/ISB - 8P£/IP/ISB
D, — P,
= ~Mauxyp/1spP A Z Wi, ———,
A aux
(E10)
where
(TP Mo @3(k) )
Hyp = £ B (pMP Ell
W=D otz () @I
(HISB)2 Mo 5
Heen — k anx @IS (pIsB) 2. E12
IsB ;ZMM + > (P®) (E12)
The total Hamiltonian of the system is then
H = Hg + Hisg + Hwvp. (E13)

Introducing the complex variables a;, by, and ¢, respec-
tively, for the cavity, the MP, and the ISB, we define

[€ux®
D, =—i %A(ax —a)),

1
A= (@, +a}), (E14)
28auxwk
. M x(WB
M = —iy) =5 — (b = b)),
Ry (E15)
¢ 2M @B ke
. MauwaSB
s — [ Mo
PP = ;(ck +e). (E16)
¢ 2Myxw1sB k
The Hamiltonian H = He + Hyp + Hisg becomes
+ v/ Nowwp .
Hg = Za),\aj\ax — i Z(aA —al)
A Ak
7 ~ N, Wu)2
X [k (b + b)) + fiy i (cx + )] + Z %
A 8

2
x [Z Wy 1 (bx + b)) + i x (i + cl)} . (B
k

. Noww3
Hyp =) [wgb,;bk + jZB Eo(be + bl)z}
k

+
Hisp = E WISBCYCk-
k

(E18)

By reintroducing 7 and imposing the right commutation re-
lation, one has immediately also the quantized three-partite
polaritonic system.
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